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ABSTRACT 

We  prove  the  existence,  continuity  and  uniqueness  of  solutions  of  the 
Cauchy  problem  and  of  the  first  and  mixed  boundary  value  problems  for  the 
equation 

(E)  u.  =  $ (u)  +  b(u)  . 

t  XX  X 

<t>  and  b  are  assumed  to  belong  to  a  large  class  of  functions  including  the 
particular  cases  <J>  ( u)  =  um,  b(u)  *  u\  m  >  1  and  X  >  0.  These  results 
significantly  sharpen  those  currently  available  in  the  substantial  literature 
devoted  to  (E)  over  the  last  two  decades  .  In  particular,  the  uniqueness  is 
proved  in  a  generality  whit  i  allows  (E)  to  model  problems  invoking  the 
evaporation  of  a  fluid  through  a  porous  medium. 
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SIGNIFICANCE  AND  EXPLANATION 


During  the  last  two  decades  a  great  deal  of  progress  has  been  made  on  the 
mathematical  analysis  of  flows  through  porous  media.  Such  phenomena  led  to 
degenerate  nonlinear  parabolic  equations.  The  equations  obtained  are  of 
different  nature  when  the  fluid  movement  takes  place  in  a  horizontal  column  of 
the  medium  rather  than  in  a  vertical  column  of  the  medium.  The  latter  case 
gives  rise  to  first  order  nonlinear  perturbations  of  the  former  case  and 
equations  of  this  more  general  sort  also  model  the  evaporation  of  a  fluid 
through  a  porous  medium.  A  significant  technical  difficulty  arises  in  the 
evaporation  case;  the  first  order  nonlinear  terms  can  be  singular  at  the 
points  where  the  solution  vanishes. 

In  this  paper  the  authors  give  a  mathematical  treatment  of  the  Cauchy 
problem  as  well  as  the  first  and  mixed  boundary  value  problems  for  the 
relevant  equations.  Existence,  continuity  and  uniqueness  of  generalized 
solutions  are  proved  thereby  improving  earlier  results  in  the  mathematical 
literature. 
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ON  A  NONLINEAR  DEGENERATE  PARABOLIC  EQUATION  IN 
INFILTRATION  OR  EVAPORATION  THROUGH  A  POROUS  MEDIUM 

j.  Ildefonso  Diaz*1****  and  Robert  Earaner*2' 


§  1 .Introduction. 

This  paper  deals  with  the  nonlinear  parabolic  equation 
(E)  ut  -  ♦<u>xx  ♦  b(u)x 

where  $  and  b  are  continuous  real  functions* 

Equation  (8) ,  sometimes  called  the  nonlinear  Fokker-Planck  equation,  arises,  for 
example,  in  the  study  of  the  flow  of  a  fluid  through  a  homogeneous  Isotropic  rigid  porous 
median.  If  8(t,x,y,z)  denotes  the  volumetric  moisture  content  and  v  (t,x,y,z)  the 

velocity  then  the  continuity  equation  1s 

3$  ♦ 

—  ♦  div  v  »  0 

the  density  of  the  fluid  being  assumed  constant.  By  the  Darcy  law 

v  “  -R( 8)  •  grad  ♦ 

where  K(8)  Is  the  hydraulic  conductivity  and  *  is  the  total  potential.  If  absortion 
and  chemical,  osmotic  and  thermal  effects  are  neglected,  then,  for  unsatured  flows,  ♦  may 
be  expressed  as  the  sun  of  a  hydrostatic  potential  due  to  capillary  suction  0 )  and  a 
gravitational  potential  ([31,(52)).  Thus,  if  we  choose  the  (x,y,z)  coordinate  system  in 
such  a  way  that  the  z-coordlnate  is  vertical  and  pointing  upwards,  we  may  write. 

♦  “  ♦(&)  +  z  . 


Then  we  obtain 
(1.1) 
where 
(1.2) 


“  <51v  {D( 8)  grad  8}  ♦  -|^  K(8) 
D(8)  -  K<8)*||  ( 8)  . 
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If  the  fluid  lovtunc  takas  place  in  a  vertical  column  of  the  medium,  aquation  (1.1) 


takaa  the  form 


(1.3)  6  -  0(8)  +  b(0) 

t  zz  z 

being 

(1.4)  0(a)  “  /*  D(r)dr,  b(e)  •  K(s)  for  re*. 

If  the  fluid  movement  takaa  placa  in  a  horizontal  column  of  the  medium  and  x  denotes 
distance  along  the  column,  (1.1)  reduces  to  the  equation 

(1.5)  8  -  0(9) 

t  xx 

equation  (1.5)  alao  appears  in  many  other  contexts.  It  is  also  remarkable  that  the 
mathematical  theory  for  this  equation  is  fairly  well  advanced  at  the  present,  in  contrast 
with  that  of  equation  (1.3).  (See,  for  instance,  the  survey  article  of  L.A.  Peletier  in 
(30] ). 


The  functions  D  and  K  (and  than  0  and  b)  are  usually  determined  empirically 

according  to  the  nature  of  the  flow  problem,  as  well  as  of  the  nature  of  the  porous 

medium.  In  any  case  a  reasonable  choice  for  D  and  K  would  be 

D(u)  »  D  u**1  ,  K(u)  ”  K  u* 
o  o 

where  D^,  kQ,  m  and  X  are  positive  constants,  after  a  suitable  rescaling  of  the 
independent  variables  the  equation  (1.3)  yields  (by  changing  s  by  x) 


u  -  (u  )  +  (u  )  . 

t  XX  X 


The  flow  problem  which  has  been  treated  more  frequently  in  the  mathematical  literature 
corresponds  to  the  phenomena  of  absorption  and  downward  infiltration  of  a  fluid  (e.g. 
water)  by  the  porous  medium  (e.g.  soil).  In  those  cases,  some  physical  experiences  show 
that  the  corresponding  functions  K  and  0  are  such  that  0  e  C2([o,«)), 

4(o)  »  4*(o)  «  0,  4’(r)  >  0,  0*(r)  >0  if  r  >  0  and  b  e  C2([o,»)),  b(o)  »  o, 

b'(r)  >  0,  b"(r)  >0  if  r  >  0.  (see  (35  p.  220]  and  (3  p.  511].  In  terms  of  equation 

(*B,^)  those  cases  correspond  to  the  assumptions  m  >  1  and  X  >  1.  (Some  mathematical 

papers  on  such  problems  are  (19),  (161,  (14],  [27],  [37],  [11],  and  (38)). 

Nevertheless,  there  are  other  interesting  flow  problems  that  give  rise  to  different 
elections  of  the  functions  K  and  0  (and  then  of  0  and  b);  at  present,  no  mathematical 
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literature  exlste  on  the  corresponding  aquations 


Thua,  the  physical  problem  of  evaporation  from  bars  soil  when  the  surface  is  so  dry 

that  water  loss  is  limited  by  the  rate  of  soil-water  movement  upwards  has  been  studied  for 

many  years  (see  e.g.  (31),  (35]  and  the  references  therein)*  In  such  problems,  the 

hydraulic  conductivity  function  K  is  a  regular  concave  function  (see  [24,  p.425],  [31, 

p.357]  and  (35, p.  259]  and  D  is  a  regular  increasing  function).  An  immediate  change  of 

variables  shows  that  the  value  of  m  and  1  for  which  equation  (E  , . )  governs  the 

B  A 

evaporation  problem  are  m  >  1  and  0  <  X  <  1. 

The  main  objective  of  this  paper  is  to  consider  the  equations  <S)  and  (E  , .)  in  a 

IB  A 

general  framework,  which  includes  the  corresponding  equations  of  evaporation  problems  in 
particular. 

To  be  precise,  we  shall  study  the  following  three  problems  for  equation  (E)t 


f\  ’  ♦‘"’xx  + 
^  u(o,x)  «  uQ(x] 


b(u)R  on  8  “  (o,T)  x(-«,») 
on  (-•,“)  , 


u  *  4(u)  ♦  b(u> 

t  xx  x 


on  R  •  (o,T)  x  ( 11 , 12 ) 


u(t,l1)  »  <c(t)  ,  u(t,l2)  »  <*{t)  on  (o,T ) 


u(o,x)  -  u  !x) 
o 


on  (l^lj) 


t  XX  X 

on 

H  “  (o,T)x(-*»,12) 

u(t,lj )  -  *<t) 

on 

(o,T) 

u(o,x)  “  u  (x) 
o 

on 

(— ,12)  . 

It  is  important  to  remark  that  the  most  interesting  problem  in  evaporation  (as  well  as 
in  downward  infiltration)  corresponds  to  (MBVP)  with  lj  “  0.  (see  [31,  p»359]  and  [35,  p. 
229] ). 

Like  the  porous  media  equation,  (E)  is  a  degenerate  parabolic  equation.  At  points 
(t,x)  where  u  >  0  it  is  parabolic,  but  at  points  where  u  ■  0  it  is  not.  In 
consequence,  we  cannot  expect  the  above  problems  to  have  a  classical  solution  (in  fact, 
between  a  region  where  u  >  0  and  another  one  where  u  *  0,  u  need  not  be  smooth).  It 


is,  therefore,  neceeeery  to  generalize  the  notion  of  solutions  of  these  problems.  Among 
the  different  notion  of  solutions,  we  shall  follow  the  one  Introduced  in  [19). 


Definition  1.1.  A  function  u(x,t)  defined  on  S  is  said  to  be  e  generalised  solution  of 
the  (C.P)  problem  if 

i)  u  is  bounded,  continuous  and  nonnagatlve^ 

11)  u  satisfies  the  integral  identity 

t.  x  x  t 

I(U,C,P)  S  /  /  [♦(»);  +  utt  -  b(u)Cx)dxdt  -  /  ucdx| 

t  x,  x  t 

o  1  1  o 

t.  x 

-  /  ♦<u)C  dtl  -  0 

t  1 

o 

for  all  P=  [t  t.l  x  [x.,x*l  and  for  all  c  e  C.1'2  <P)  such  that 

O  l  I  2  —————  X  ™  ' 

C(t.x^)  -  Ctt.Xj)  -  0  for  any  t  e  It  .t^]  . 

ill)  u(o.x)  »  u  (x)  for  all  x  e  (-“,«). 

O  .  -M- 

Deflnitlon  1.2.  A  function  u(x,t)  defined  on  R  is  said  to  be  a  generalized  solution  of 
the  (PBVP)  problem  If 

I)  u  la  bounded,  nonneqatlva  and  continuous  on  K. 

II)  u  satisfies  the  integral  Identity  I(u.C.P)  “  0  for  any  P  «  It  .t^  x  tx^.Xj)  C  R 

and  any  C  e  C*'2  (P)  such  that  Cl  “  d  «  0. 

- '*■  t.x  -  ',x-x1  x-x2 

III)  u(t,l.)  »  41  ....  u(t,l_)  -  <i.(t)  for  all  t  e  (o.T)  and  u(o.x)  »  u  (x)  for  all 

1  2  ▼  — —  o  ■ 

X  e  ti1.i2J . 

Definition  1.3.  A  function  u(x,t)  defined  on  H  Is  said  to  be  a  generalized  solution  of 
the  (HBVP)  problem  If 

I)  u  la  bounded,  nonneqatlve  and  continuous  on  H. 

II)  u  satisfies  the  integral  Identity  I(u.C.P)  “  0  for  any 

P  “  It  ,t.)  x  [x„,x_]  C  H  and  any  C  e  C.1'2  (P)  such  that  cl  “  Cl  »  0. 
o  1  12  —  ■■  *  t.x  -  x»x  y  x«x  2 

ill)  u(t,l„)  -  p(t)  for  all  t  e  [o.T]  and  u(o,x)  -  u  (x)  for  all  x  C  t-«.l_). 

i  -  —  o  —  —  -  2 


(1)  We  shall  limit  our  attention  to  the  physically  reasonable  case  of  nonnegative  data. 


To  prove  th«  existence  of  a  generalized  solution  for  asch  one  of  tha  thraa  problaas  we 
shall  follow  tha  constructiva  method  given  Initially  by  O.A.  Oleinik,  A.S.  Kalashnikov  and 
K.  Yul  Lin  in  [28]  for  tha  case  of  equation  (1.5).  To  do  this,  wo  first  obtain  a  sequence 
of  classical  solutions  of  (Z)  defined  on  an  expanding  sequence  of  cylinders.  He  shall 
show  that  it  tenda-pointwise-to  a  function  that  we  call  limit  solution,  (Such  a  function 
satisfies  all  tha  properties  required  except,  perhaps,  the  continuity).  This  will  be  done 
in  Section  2, 

In  Section  3  we  shall  prove  that  under  additional  hypotheses  the  limit  solution  is 
continuous  (i.e.  is  a  generalized  solution).  Such  results  are  well  known  when 

j  b  !  c'([o,»))  and 
\  /’  1 1 ♦*(r )  |  +  |b"<r)  I  )dr  e  l\o,1) 

([14]),  In  the  case  of  equation  (E  . ),  this  corresponds  to  the  assumption 

R|  A 

“  >  1  and  X  >  1.  The  study  of  the  regularity  of  its  solutions  is  made  in  [19]  and 
[16],  In  both  cases,  optimal  estimates  on  the  modulus  of  continuity  of  the  solution  are 
given;  in  fact,  such  estimates  are  independent  of  b  and  X.  In  consequence,  the  idea 
that  the  transport  term  b(u)x  has  not  any  fundamental  importance  on  tha  behaviour  of  the 
solution  is  defended  in  the  previous  literature.  Here  wo  shall  show  that  such  conclusion 
is,  in  general,  erroneous  (a.g,  X  >  0)  since  when  0  <  X  <  1  the  modulus  of  continuity 
of  the  solution  depends  on  X.  More  generally,  if  the  function  J  defined  by 


J(r) 


da _ 


is  finite  for  r  >  0  (this  is  the  case,  for  instance,  of  4(u)  -  um,  b(s)  «  s*  and 
■  >  X)  then  we  shall  prove  that  the  modulus  of  continuity  of  the  solution  of  (E)  can  be 
estimated  in  terns  of  the  function  Jot  and  the  data  of  each  problem, 

xn  Section  4  the  uniqueness  of  the  generalized  solutions  is  considered.  The  problem 
of  uniqueness  has  been  a  polemic  subject  in  the  existing  literature.  Indeed,  the  first 
uniqueness  result  seem  to  be  the  one  obtained  in  1975  by  A.S.  Kalashnikov.  In  his  paper 


(19],  tha  uniqueness  of  a  generalized  aolution  of  (B  . )  is  shown  undar  tha  assumptions 

*#  * 

a  >  1  and  X  >  1.  In  1976,  B.8.  Gilding  and  L.A.  Palatlar  in  (16],  aads  a  systaaatlc 

study  of  aquation  (B  . )  in  a  way  which  is  totally  indapandant  Kalashnikov's  work.  In 
a,  a 

fact  thay  lntroduca  a  diffarant  notion  of  aolution  of  tha  problaa  (cp)i  thay  substltuta 
condition  11)  and  iii)  of  tha  Daflnltion  1.1.  by 

il)*  (uB)  has  a  bounded  generalised  derivative  with  raspact  to  x  in  S, 
ill)*  u  satisfies  tha  identity 

//  (♦  [(u")  ♦  UA]  -  4  ujdxdt  "  f%(X,o)u  (x)dx 

_  X  X  t  •"  o 

8 

for  all  6  e  c1(S)  which  vanish  for  large  |x|  and  for  t  •  T.  Hie  uniqueness  result  of 
(16]  for  such  class  of  solutions  (called  weak  solutions)  is  obtained  under  the  assumption 
X  >  V2  ( «+ 1 ) .  The  important  work  (16]  has  been  the  object  of  several  generalizations  in 
tha  last  years.  For  instance,  B.H.  Gilding  in  (14]  proved  the  uniqueness  of  weak  solutions 
of  (Cl),  (FBVP)  and  (MBVP)  under  the  hypothesis 
(1.7)  (b')2(s)  -  0(4(s))  as  s  -*■  0*  . 

More  recently,  Wu  Dequan  in  [37]  has  proved  the  uniqueness  of  tha  generalized  solution  of 
(FBVP),  assuming 

0j  f( b  )(s)  «  0{(4  )°(s))  as  s  ♦  0+,  6  (s)  >  Ksw  for  s  >  0,  and 

V  <*  >  %  if  v  <  2  and  a  >  if  v  >  2  . 

We  remark  that  in  terms  of  equation  (B^  ^ )  condition  (1.7)  is  equivalent  to  X  >Vi(m+1) 
and  condition  (1.8)  is  equivalent  to  X  >  V4  (n>+3)  if  a  <  3  and  X  >  *  if  m  >  3. 

(Other  uniqueness  results  are  given  in  (27],  [28]  and  [11]  for  some  variations  of  equation 
(B)).  Finally,  we  point  out  some  recant  results  obtained  in  [4]  by  a  different  approach. 

In  this  paper  we  give  a  general  and  unified  answer  to  the  problem  of  uniqueness  of 
solutions  of  (CP),  (FBVP)  and  (MBVP).  Our  assumptions  on  4  and  b  are  weaker  than  those 
of  tha  above  papers.  In  particular,  they  are  fulfilled  if  in  the  equation  E  ,  we  assume 

m  >  1  and  X  >  0.  On  the  other  hand,  in  Section  3  the  equivalence  between  the 

generalised  and  weak  solutions  is  proved.  Hi  us ,  the  uniqueness  of  a  weak  solution  is  also 


ensured* 


Our  uniqueness  raault  ia  a  particular  consequence  of  aaaa  l1-  estimate*.  These  also 
show  the  continuous  dependence  of  solutions  with  raspact  to  tha  Initial  data  as  wall  as 
comparison  raault a.  Such  astlaatas  also  show  that  tha  semigroup  oparator  daflnad  by  tha 
solution  is  a  nonllnsar  a  sail  group  of  contractions  on  tha  spaca  L1  (-•,•), 

L^l^.lj)  or  raspactlvsly •  Sons  coaaaants  ara  nada  about  tha  way  in  which 

that  conclusion  Is  obtained  by  tha  theory  of  accretive  operators  on  Banach  spaces. 

In  ordar  to  provide  tha  reader  with  a  susaaary  collecting  soaa  of  tha  results  of  this 
paper,  we  shall  restrict  ourselves  tha  consideration  of  problem  (PC)  for  equation 
(8  , ).  Ms  can  state  tha  following  result i 

B|  A 

a 

Theorem  1.1.  Assume  a  >  1  and  X  >  0.  tat  u  >  0  on  (-«•,«•)  be  such  that  up  is 
—  ■  o  ■  o 

Llpachltr  continuous  for  soaa  f)  such  that 

aax  {(e-1J,  (m-X)*}  <  6  <  a  (h+-nax{h,o}) . 

Than  there  exists  an  unique  generalised  solution  u  of  the  (CP)  problem  for  tha  aquation 
(*B  j)>  In  addition  u  e  C  ,—  (S)  for  v  •  min{1,1/g}  (being  such  exponent  v.  In 

general,  optimal),  (u")^  ®  I ."(6)  and  u  coincides  with  the  unique  weak  solution  of  (CP) 

v  v  w  ) 

(As  usual  C  ,  —  (8)  denotes  the  Banach  spaca  of  tha  functions  u(t,x)  which  are  Hfflder 

u 

continuous  with  respect  to  x  and  t,  of  exponents  v  end  —  respectively) . 

Ne  point  out  that  our  results  can  be  easily  extended  to  a  more  general  class  of 
equations  of  the  fora 

u.  -  ♦(x,t,u)  ♦  b(x,t,u)  *  C(x,t,u)  , 

C  XX  X 

where  +  (*,*, u)  ia  strictly  Increasing  +(x,t,o)  ■  ♦  Mx,t,o)  ”  0  and  b(  •,  >,u)  and 
c(»,*,u)  ara  allowed  to  be  nonnecessarlly  Upschltt  continuous  at  u  *  0  (sens 
additional  hypotheses  must  be  aade  on  b  and  c,  e.g.  c(*,»,u)  non-increasing  In  u,  and 
so  on) . 

In  a  forthcoming  article  the  authors  study  some  qualitative  properties,  including  the 
propagation  of  the  support  of  solutions,  extending  the  well-known  results  for  the  case 
where  b  is  Upschits  continuous  at  u  “  0  and  presenting  soaa  new  properties  of  the 


solution  of  evaporation  type  problems  associated  to  K  .  for  m  >  1  and  0  <  X  <  1. 

Kf  A 


>2.  Existence  of  a  limit  solution 


The  basic  Idea  In  tha  study  of  degenerate  equations,  Ilka  (E),  consiata  In  obtaining 
tha  solution  as  tha  limit  of  a  sequence  of  functions  which  ace  solutions  of  some  adequate 
non-da generate  parabolic  equations  approaching  equation  (E).  This  idea  can  be  carried  out 
by  two  different  ways:  a)  by  consideration  of  tha  equations 

Ue,t  “  (<*'(V  +  ‘“Vk1.  +  Wx  ' 

or,  b)  by  replacing  Uq(x)  >  0  by  the  sequence  uo,£(x)  >  e  >  0  and  then  showing  (via  the 
maximum  principle)  that  the  corresponding  solutions  ug  satisfy  u£(t,x)  >  e,  so  they  are 
solutions  of  the  nondegenerate  equations. 

Method  a)  is  very  useful  if  the  signs  of  the  data  (for  instance  u,  for  (CP))  are  not 
“a  priori*  prescribed.  However,  the  passage  to  the  Unit  is  often  a  difficult  task  (see 
the  results  of  [6]  and  [34]  for  the  case  b  =  0).  Here  we  shall  follow  the  method  b) 
Introduced  in  [29] .  Then  we  shall  obtain  a  sequence  of  classical  solutions  defined  on  an 
expanding  sequence  of  cylinders  and  we  shall  prove  that  they  converge  pointwiae  to  a 
function  that  we  call  limit  solution.  In  the  next  sections  we  shall  prove  that,  under  some 
supplementary  hypotheses,  the  limit  solution  coincides  with  the  unique  generalized 
solution. 

Proposition  2.1.  Assume  that  there  exists  o  e  [0,1]  such  that 

(2.1)  ♦  e  c2+“((0,w))nc'(  [0,-))  ,  $(0)  -  0,  and  <t>'(r)  >0  if  r  >  0 

(2.2)  b  e  2+<l((0,»)  . 


Then: 

i)  For  every  u  e  C.  (-*•.“)  ^ 1  * ,  u  >  0  there  exists  at  least  one  function  u 

O  D  O  . .  -  -  - 

defined  on  S  such  that  u  >  0,  u  e  L  IS)  and  u  satisfies  11)  and  ill)  of 
Definition  1.1. 

ii)  P°r  every  uq  e  C  Ul^lj]),  uq  >  0,  \|»-,  4*  e  C  ([o.t]),  \|^,  4+  >  0  and 

iMO)  »  ujl.),  4>.(0)  -  u  (1.)  there  exists  at  least  one  function  u  defined  on 

O  I  +  0  2  .n  ,  r>.  -  - 

R  such  that  u  >  0.  u  e  L  ( R )  and  u  satisfies  11)  and  ill)  Definition  1.2. 


(1)  Cj^fi)  denotes  the  set  of  all  the  bounded  continuous  functions  defines  on  ft. 


iii)  For  every  u  (  C.((-*il.]|i  u  >0,  4>ec([0,t))*i>0  and  *(0 )  -  u  (1. ) 

o  D  2  O  0  2 

there  exists  at  least  one  function  u  defined  on  H  such  that  u  satisfies  11) 
and  111)  of  Definition  t.3. 

the  proof  of  Proposition  2.1  is  already  standard  after  the  deep  work  [29]  and  its 
generalizations  (see  for  instance  [19],  [16],  [27]).  Nevertheless,  in  the  next  sections  we 
shall  need  sons  properties  of  the  function  u  which  are  obtained  by  using  the  proof  of 
Proposition  2.1.  This  is  the  reason  for  our  sketch. 

We  shall  use  the  following  result  of  the  classical  theory  of  quaailinear  narabolic 
equations. 

Lemma  2.1.  (see  e.g.  [14])  Let  Q  5  (n  ,  n25  x  <0,T]  ,  e,  a  e  (0,1]  and  M  e  (0,“). 

Suppose  that  u  e  C2+°(  [n .. ,n_]  ) ,  e  C1+a[0,T)  and 

* -  O  1  2  T  2  —  ■ 

e  <  uo  <  M  ,  e  <  py  *2  <  m 

i|/,(o)  -  u  (n.),  *:(o)  ”  4(u  »-(n. )  +  ( b(  u  )  > '  ( h. )  for  i  -  1.2. 

1  Oii  Ol  ol  '  '  ■  —  ■-  ■  * — 

Then  (under  assumptions  (2.1)  and  (2.2) )  there  exists  a  unique  function  u(t,x)  such  that 


u  e  C l'2  (Q) ,  <]>(u) 

e  C1,2(Q),  E  <  u  <  H  in 
X#  t 

Q 

ut  “  *(u)xx  +  b(u,x 

on  0 

"(x.o)  =  uo(x)  2! 

[n1n2J 

u(t,ni>  •  4li(t)  on 

[o,T] ,  for  1  »  1.2. 

■ 

Proof  of  Proposition  2.1. 

We  shall  prove  i).  We 

can 

{ek}.  {ak}  and  {u^} 

such  that 

/"£k'  ak  e  (0»  ’J  *  *  0  aa  k  *  ®, 

u  ,.  e  C2+ak( -«,»),  c  <  u  ,.  (x)  <  M  if  |x |  <k  and  u  ,.(x)  *  M  if  |x|>k 

v  K  X  OK  OK 

<2,1'  Uo'k+1<X>  *  Uo'k(X>  f°r  aU  X  8  <'“>?> 

u^,^  +  u0  aa  k  *  •*  uniformly  on  compact  subsets  of  (-•»,“) 

V 

bet  Qk  »  <-k,k*l>  X  (D,T).  Then,  by  Lemma  2.1,  there  exists  a  unique  function 
uk  e  <*<V  8Uch  thats  11  e  'It  Ek  4  “k  “  M>  li)  uk  satisfies  (E) 
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1 


in  iii)  uJO.x)  «  u0'k(,t*  tot  1*1  *  *  +  1« 

iv)  ujt,i(k+1))  «  N  for  t  8  [0,T]  .  Am,  by  a  standard  application  of  the  maxi  nine 
principle  we  obtain  that  uk+1(t,x)  <  u^ft.x)  for  all  (t,x)  e  Q^.  Hence,  we  can  define 
(2.2)  u(t,x)  »  lim  u^tt.x) 

for  all  (t,x)  e  8.  The  function  u  is  nonnnegative,  bounded  and  satisfies  the  integral 
condition  ii)  in  Definition  1.1.  the  proof  of  ii)  and  iii)  are  similar.  The  natural 


modlf ii.'tions  now  being  that  u0>)c  are  only  defined  in  [lj,^]  tin  the  proof  of  part  (ii)  of 
Proposition  2.1).  Also,  there  exist  and  {1(1^,^}  (sequences  in  C1  +  ak(  [0,T]  ) ) 


such  that  <  ♦_«*»  k  <  M.  ♦ 


-,k+1 


<  * 


~,k’  ^+,k+1  4  *+,> 


,  *  JO)  -  u  J1J, 


T-.k 


o,k  1 


*.  JO)  -  u„  .  (1,).  (*  .  )M0)  -  .D-d.),  +  (b(u  .I'd.), 

♦  ,k  o,k  2  -,k  o,k  1  o,k  1 

(♦.  ,)*(0)  -  (*(u  v))*<1,)  *  (b(u^  ))'  (1,). 

▼  0,K  2  Of  K  2 

finally  ♦  ♦  ,  ♦  .  ♦  ♦  uniformly  on  (0,T)  when  k  ♦  “. 

♦  ♦  —pit  -  fg 

Remark  2.1.  Obviously,  we  can  also  consider  more  general  quasilinear  equations  or  choose 

data  u  ,(u  )  and  (u  ,i>),  not  necessarily  continuous  (see  [17]  and  [4]).  We 

o  o  -  ▼  o 

remark  that  the  result  applies  to  the  equation  (E  ,)  when  0  <  m  <  1.  When  b  S  0 

nip  A 

such  equation  arise  in  plasma  physic  (see  the  exact  references  in  [30]). 


S3  Regularity  of  the  limit  solutions.  Existence  of  generalized  solutions. 

We  shall  now  prove  that,  under  some  additional  hypotheses,  all  limit  solutions  are 
continuous  and,  therefore,  generalized  solutions. 

The  continuity  of  the  solutions  of  degenerate  parabolic  equations  is  one  of  the  most 
difficult  points  in  the  study  of  such  equations.  After  the  precise  estimates  on  the 
ssxrathness  of  the  solution  of  the  porous  media  equation  obtained  by  Aronson  and  Kalashnikov 
in  [1]  and  (8]  respectively,  the  question  of  the  continuity  of  the  solution  of  the  porous 
media  equation  in  higher  dimensions  remained  an  open  question  for  a  long  time.  However, 
positive  answers  are  well  known  today,  concerning  a  large  class  of  equations  including  the 
porous  media  equation  and  some  particular  formulations  of  equation  (E)  when  the  dimension 
is  equal  to  one  (see  [8],  [7],  [10],  [34]  and  [40]). 
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Hare  we  shall  study  the  snoothness  of  the  solutions  of  (E)  and  we  ahall  try  to 


estimate  the  modulus  of  continuity  of  the  solutions.  Results  of  this  kind  are  well  known 

for  (S  ,)  when  a  >  1  and  X  >  1  (see  (19])  and  aora  generally  for  (E)  when  ^  and 
a,  a 

b  satisfy  (2.1),  (2.2)  as  well  as 

.1 


(3.1) 


b  e  C  ( (0,-)) 

!'  { !♦“ (r) I  +  |b"(r) |}dr  e  l’io.D 


(see  [14]).  Our  special  Interest  is  centered  on  (E)  under  several  assuaptions  which 

include  the  case  of  equation  (E  .)  whan  a  »  1  and  0  <  X  <  1. 

a,  a 

An  important  tool  in  our  study  will  be  the  fact  that  if  we  define  the  improper 
Integral 


J(r) 


rr  ds 

°  b(*“’ (•) ) 


for  every  r  >  0  (we  can  suppose,  without  loss  of  generality  that  b(o)  ■  o)  then,  when 
4(a)  «  and  b(s)  “  e^ ,  J(r)  is  finite  if  and  only  if  a  >  X.  Then  our  fundamental 

hypothesis  will  be  J(r)  <  ♦  ■  for  some  r  e  (o,“). 

In  order  to  prove  the  continuity  of  the  limit  solution  u  constructed  in  |2,  we  Bhall 
first  obtain  estimates  on  the  modulus  of  continuity  of  which  should  not  depend  on 

k.  Afterwards  we  shall  pass  to  the  Halt  when  k  ♦  +  ».  He  start  by  studying  the  general 
nondegenerate  problem  given  in  Lemma  2.1. 

Proposition  3.1.  Given  4  e  (0,  Vj  (n^-n^))  and  t  e  (o,T)  let 
Qg  «  ( 0,T]  x  (n^*, n2~4),  Q(T)  »  ( T,T]  K  (hj.hj),  Q^tT)  "  (l»T)  x  ( n.,  +  6,  Oj-4) .  Assume 

(2.1) ,  (2.2)  and  that  for  every  r  6  (0,e)  the  following  hypotheses  hold 

(3.2)  J(r)  <  +  - 

(3.3)  b*(r)b(r)  <  -  C1  ♦Mr) 

(3.4)  1 ♦ " ( r )  |  <  C2|b*(r)| 

for  some  positive  constants  and  C2.  Let  f  ha  the  real  function  defined  by 
_  ...  -1.-1. 


(3.6) 


Mf-’un  |  <  C  in  fi.(T)  . 

X  -  0 

If  in  addition.  uQ 

,,  ,,  sup  |f  1 ( u  (x) >  * )  -  L  <  ♦  -  , 

(3‘7)  <v«,V«) 

than  (3.6)  holds  in  Qj . 

Before  proving  the  shove  result,  let  us  explain  some  facts  about  the  proof.  Itie 
method  we  use  is  due  to  Bernstein.  As  is  well  known,  the  major  difficulty  of  this  method 
appears  in  the  selection  of  the  function  of  u  to  be  estimated.  The  estimate 

l(g(u))  |  <  C  in  5,(t) 

X  0 

has  been  obtained  by  different  authors  in  the  following  cases: 

a)  g(s)  »  ♦(■)  (See  [1]  for  b  =  0  and  [14!  if  b  satisfies  (3.1)) 

b)  g(s)  “  /  ^  ,  if  such  Integral  converge  and  bio  (see  [1]  and  [18].  The 

o 

estimate  (3.6)  is  completely  new. 

For  equation  (Em  ^),  all  the  hypotheses  of  Proposition  3.1  are  satisfied  if 

0  <  A  <  1  <  m  . 

In  this  case  a  single  computation  shows  that  f  \s)  “  — r  sm  \  More  generally  we  can 

in-  A 

prove  (using  Proposition  3.1)  that 
(3.8)  |(uB)  |<C  in  Q, (t) 

X  $ 

for  all  8  «  *  such  that 

max  {(m-1 ) ,  (m-A) +}  4  8  <  m 

where  h+  «  max  {h,o}.  Then,  estimate  (3.8)  includes  also  the  estimates  of  [1],  [19'  ‘.nd 

[16]  for  equation  (E  -)*1*. 

Rip  A 

Proof  of  Proposition  3.1.  Set  w  ■  f  '(u).  From  equation  (E)  we  obtain 

<3-9>  Wt  ‘  FbO  t<ft(f(w,,Iww(wx)2  +  -  b'  )  wx  . 

Using  the  definition  of  J  and  f  we  have 


(1)  Recently  Ph.  Benilan  has  introduced  In  [5]  a  general  method  to  obtain  estimates  like 
(3.6).  Estimation  (3.8)  can  be  found  by  this  method  but  this  is  not  the  case  of  the 
general  estimate  (3.6). 
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r 


-  w'V>i 

WW  ww 


f(  W) 


b(f(w)) 

♦'(ftw)) 


b' (f  (w) )  b(f (w) ) 


and 

(3.10) 


[♦(flw))]^ 

f*(w) 


b' (f <w) )  . 


Then 

(3.11)  «rt  -  ♦,(f(w))  wxx  +  b'(f(w))w2  -  b'  (f(w))wjt  . 

Consider  now  a  smooth  function  C  (t,x)  such  that  (  *  1  on  Qj(t),  C  “  0  on  the 

-  2  2 

parabolic  boundary  of  Q  and  0  <  C  <  1  in  Q.  Define  the  function  i  •  {  p  where 

p  »  wxi  at  any  point  (t^x^)  e  Q  where  *  attains  a  positive  maximum  one  has 

z  »  0  and  z  -  ♦'(f(w))z  >  0  . 

x  t  xx 

Hence,  at  (tQ,x0)  we  have  t  Px  “  and 

C2P(Pt  -  ♦,<f)PKX)  >  <-«t  +  ♦,<f)CCxx  +  2  ♦1(f)Cx)P2  • 

2 

Differentiating  (3.11)  with  respect  to  x.  multiplying  the  result  by  C  P  and  using  the 


former  relations  we  obtain 


-  b'lflfc2  p4  <  CP3(-4"(f)f*5  C  -  2b*(fK  -  b"(f )f ' c)  + 

(3.12)  x  x 

+  P  («t  -  ♦* <^>CCXX  -  2  ♦Mf)Cx  -b*(f)CxC)  . 

Using  the  hypotheses  (3.3)  and  (3.4)  we  can  find  two  positive  constants  and  K2 
depending  only  on  ♦ ,  b  and  H.  such  that 

(3.13)  2  C2  P2  <  K,dP|  +  K,  at  (t  ,x  )  . 

1  £  O  O 

By  an  elementary  argument,  (3.13)  implies  that 

*<V*0>  <  *,  +,/4K2  -  Kj 

and  hence 

_sup  1  w  )  <  K  . 

Qs(t) 


TO  prove  the  second  part,  we  note  that  Iw^l  is  now  bounded  at  t  -  0.  Hence  we  may  take 
a  cut-off  function  C(t,x)  »  C(*)  and  allow  z  to  attain  its  maximum  at  a  point  of  the 
lower  boundary  of  Q.  Otherwise  the  proof  is  ths  same. 

m 
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The  Min  ruult  of  this  Motion  is  the  following 
Thsorew  3.1.  Let  ♦  snd  b  satisfying  the  hypotheses  of  Proposition  3.1.  Then 

(a)  For  every  uq  e  uq  >  0  end  for  any  T  e  (0,T)  the  Unit  solutions  u 

of  (CP)  satisfy 

(3.14)  |f"1(u(t1.*1>)  -  f'^uttj.Xj))!  <  K  <|x1-xa|2  +  It,-  t2|}1/2 

for  sonw  constant  K  which  depends  only  on  T  and  H  •  lu  I 

o  m 


and  for  all 


(t,  ,x,) ,  (tj.Xj)  e  [T,T]  x  (-*•»•).  If  in  addition  f-,(u0>  la  lipsehltx  continuous  1  .a 

If  \u  (x  ))  -f  ^  ( u  ( x  ) )  |  <  L|x  -x  | 

O  1  0  2  12 

for  sqm  L  >  0  and  all  x,,x2  e  (-*•,“)  then  the  conclusion  (3.14)  holds  for  any 
<t,(x,)(  (t2,x2>  e  S  ,  and  K  depends  only  on  M  and  L. 

(b)  For  every  uq  e  C^Ul,,^]),  UQ  *  0  S2&  ♦_»  ++  e  c  UO.TJ), 

♦  »  ♦.  >  0  eatisfyinq  ♦  (0)  «  u  (1  ),  (0)  -  u  (1.)  and  for  any 

'  +  -  ‘  (l.-i?)  1  +  °2 - 

T  6  (0,T)  and  6  >  0,  6  <  - - -  ,  the  limit  solutions  u  of  (FBVP)  satisfies 

(3.14)  for  every  (t,,x,)f  <t2*X2)  e  x  ll,+2S  «12  -  26].  In  particular 

f  ’(u)  e  C°  ( [t,T]  x  (1,,1  )).  If  in  addition  f  '(u  )  is  locally  Lipechtx 

continuous  on  (1,.  lj)  than  u  e  C°( [0,T]  x  [1,,1  ]). 

(c)  A  similar  conclusion  to  (b)  holds  for  the  (MBVP)  problem 

Proof  of  (a) .  Applying  Proposition  3.1  to  the  sequence  u^  constructed  in  the  proof  of 
Proposition  2.1  we  obtain 

|f"1(V-1(t1'X1,)  •  f",<Vl<t2'’t2))l  4  C|xrx2l 

where  C  depends  only  on  M  and  T  and  for  every 

(t2,Xj)  e  [T,TJ  x  (-k-1,k+1J.  Now  set  wR(t,x>  «  f-1  (u^t.x) ) . 
satisfies  the  equation 


h  (-•,«•) 


Then  w» 


(wk)t  -  Ak(t.x)  (w^)^  +  Bk(t,x)(wk)x 


being 


\(t,x)  -  ♦,(f(wk)  )(t,x)  and  Bk(t,x)  -  b*  (f  (wfc)  M(w  )  -1]  (t,x) 
Using  Proposition  3.1  we  know  that 

0  <  ( t , X )  <  M  *  and  |B  (trx)|  <  M* 
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where  M*  depends  only  on  N  and  T  .  Than  by  a  well  known  result  (see  (13])  there 
exists  a  constant  K  which  depends  only  on  M*  (l.a.  on  T  and  M  but  not  on  k)  such  that 

(3.15)  |f  ,(Vl(t1.*1))  -  f  1  (u^^ttj.Xj) )  I  <  X  (Ix^Xjl2  +  lt1-t2U>/2 
for  all  k  >  1,(t1,x1),(t2#x2)  e  (t,TJ  x  t-k-1,k+1).  Hence 

(3.16)  |f  1(u(t1,x1))-f  '(ultj.Xj))!  <  X  { I x ^  —x 2 1 2  ♦  1 1^— 12 1 }  ^ 

for  all  (t^,x1)/  (tj/Xj)  e  (t,t]  x  (-“,+•) .  This  proves  the  first  part  of  (a).  The 
second  statement  la  a  direct  consequence  of  the  second  conclusion  of  Proposition  3.1, 
choosing  now  Uv  so  that  |(f  '(u  .  ))'(x)|  <  L  for  sosm  x  e  (-»,«)  and  k  >  1. 

K  Oik 

Proof  of  (b).  Arguing  as  in  part  (a)  we  obtain  that  (3.16)  holds  for  any 
(t^x^),  (tj,x  )  e  [t,T]  x  [l1+26,l2-2fi]  and,  therefore,  it  Is  clear  that 

O  — 1 

u  e  C  ( [0,T]  x  (lj,l2>)  when  f  (u^)  is  Lipschlts  continuous  on  (l^.lj).  To  prove 

that  u  is  continuous  at  the  points  (o,T]  x  { 1 1 }  and  (o,T)  x  { 1 2 > ,  it  Is  enough  to  prove 

(for  Instance,  for  (o,T]  x  (1,))  that  for  any  t  e  ro,T] 

1  o 

(3.17)  11*  sup  u(t,x)  <  4*  (t  ) 

(t,x)*(t  ,1  )  *  ° 

and  °  1 

(3.18)  11m  Inf  u(t,x)  >  ♦  (t ). 

( t , x ) ♦ (tQ , 1 ^ ) 

Proving  (3.17)  is  easy  because 

lim  sup  u(t,x)  <  lim  sup  u  (t,x)  »  ♦  (t  ) 

It  *(n  O 

(t.x)  *  (t  ,1.)  ( t , x )  ♦  (t  ,1.) 

O  I  O  I 


and  then  letting  k  ♦  •  we  conclude  the  result.  The  proof  of  (3.18)  is  more  complex  (if 
♦_(to)  >  0).  This  was  shown  by  B.H.  Gilding  in  (14)  (Theorem  5)  when  $  and  b  satisfy 
(3.1).  His  argunent  is  the  following!  for  any  e  e  (0,i(i_(to))  he  constructs  a  function 
w(t,x)  on  [0,T]  x  Cl^ljJ  such  that 

lim  inf  w(t,x)  •  (t  )-e 

(t.x)  ♦  (t  ,1.)  ~  ° 

o  l 


and  such  that 


u^(t,x)  >  w(t,x) 
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for  all  (t,x)  e  10, T]  x  [1^,1  ]  and  k  large  enough.  We  remark  that  the  hypothesis 
(3.1)  Is  only  used  by  Gilding  in  the  definition  of  w  when  the  convergence  of  the  Integral 


P  (c) 


rM  ♦'  (r)dr 
' o  c‘r+b(r)+B 


Is  required  (c  is  any  positive  constant  and  0 
by  the  same  argument  of  Gilding  noting  that 


sup|b(r)|).  Our  conclusion  follows 
0<r<H 


(c)  =  j 


♦  (M) 


da 


0 


Then,  p  (c)  <  “  for  every  c  8  (0,“)  if  the  assumption  (3.2)  is  made.  The  details  are 
extremely  technical  and  hence  omitted  here.  The  proof  of  (c)  is  analogous  to  the  part  (b) . 


Remark  3.1.  Arguing  as  in  [18]  we  can  estimate  the  modulus  of  continuity  of  u  in  terms  of 
function  f  when  ( f  "* ) ™  >  0  on  (0,i).  When  (f  ')"  <  0  then  the  modulus  of  continuity 

is  a  lineal  function.  In  particular,  for  the  equation  (E  ,)  we  obtain  that  the  solution 

u  of  the  (GP)  problem  is  such  that 

u  e  cv,v/2  ( [0,t]  x  <-»,-)) 

for  v  -  min{  1,1/0}  and  0  and  real  nuaber  such  that 
max{ (m-1 ) , (m-X )+}  <  0  «  m. 

A  further  regularity  result  is  the  followings 
Theorem  3 .2.  Let  and  b  satisfying  the  hypotheses  of  Prosaosltlon  3.1  Then 

i )  For  any  uq  >  0  such  that  f  1  ( u^ )  is  bounded  Llpschitz  continuous  on  (—,■») 

—  j  00 

there  exists  at  least  one  generalized  solution  u  of  (CP)  such  that  f  (u)^  e  L  <S) 

(where  the  derivative  is  taken  in  the  sense  of  distributions).  In  particular 

♦(u)x  @  L  (S)  and  u  satisfies 

(3*19)  /„  !  {0  (♦(u)  ♦  b(u)]  -0  u}  dxdt  -  f  0( 0,x)  u  (x)dx 

for  all  0  8  C  (i)  which  vanish  for  large  |x|  and  t  ~  T. 

ii )  For  any  uq,  (i _  and  <i+  nonnegatlve  functions  such  that  is  locally 

Lipschitz  continuous  on  (1^1^),  and  such  that  $(  ip  )  and  $(  i)i+)  are  absolutely 
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■  'rM  - 


tV*  'vAVj 


continuous  on  (0,T)  and  4  (0)  “  u  (1.)#  *,( 0)  «  u  (1.).  thers  exists  at  least  one 

'  “  O  l  +  0  2  ~  ~ 

2 

generalised  solution  u  of  ( FBVP)  such  that  ♦(U)JC  *  L  (*)  (distributional  derivative) 
and  u  satisfies  the  Identity 

1- 

(3.20)  jj  (e^t^tu) x+b(ul]  -  8fcu}dxdt  ■  8(o,x)uo(x)dx. 

1  —  *  ' 
for  all  8  e  C  (R)  which  vanish  for  x  •  1^,  x  *  1^  and  t  •  T. 

ill)  For  any  u^,  y  nonnegative  functions  such  that  ♦(“0>  is  locally  Llpschltt 

continuous  and  bounded  on  (-“,lj),  $(♦)  Is  absolutely  continuous  on  [o,T),  and 

^(o)  ”  uo(l2>,  there  exists  at  least  one  generalised  solution  u  of  (MBVP)  such 

that  4>(u)x  e  L^  (H) 

(distributional  derivative)  and  such  that 

1, 

(3.21)  JJ„(8  [♦  ( vi)  +b(u)l  -  8  uldxdt  -  /  _8(o,x)u  (x)dx  . 

H  X  X  t  ••  O 

for  all  8  e  C*(H) which  vanish  for  x  *  1^,  for  large  |x|  and  for  t  “  T. 

The  proof  of  1)  is  a  simple  consequence  of  the  fact  that 

'♦'Vx1  “  l-M***-1*^)  >  >  <  C«*|f‘1(uk)xl  <  C**C 

where  C*  J  max  b(ufc(tfx))  and  k  >  1.  Otherwise  the  proof  is  standard  (see  e.g.  [14)). 

In  order  to  prove  11)  we  need  the  following  estimate  near  the  boundary. 

Lemma  3.1.  Assume  4  and  b  as  In  Proposition  3.1.  Let  uQ  and  ^  satisfy  the 

assumptions  of  Lemma  2.1, (3.7)  and 
T 

(3.22)  /  U(*  (t))|dt  4  L«  for  1-1,2  (L»  >  0)  . 

0 

Then,  for  any  «  >  0  ,  there  exists  a  constant  C»,  which  depends  only  on  L,L»,  M,  T  and 
6,  such  that 


or  any  T  e  (0.T1 . 


Q(t)-Q{(t) 


{*(u)  }  dxdt  <  C* 


Proof .  We  shall  only  prove  that 


t  n,+S  , 

I  I.  U(u)  }2dxdt  <  — 
0  n1  i 


(the  estimate  /  / n2  -  (♦(u)  } 2dxdt  <  —■  Is  obtained  In  a  similar  way).  The  key  idea  is 

0  2 

due  to  Gliding  [1«’ .  Let  x  (t.x)  «  ♦(u(t,x) )-♦(♦ (t) ) .  If  we  take  equation  (E), 

multiply  it  by  x  ami  Integrate  by  parts  we  obtain 


rrom  (3.35)  and  (3.34)  we  obtain  that  #(u  )  la  uniformly  bounded  and  by  using  the 

*  *  L  (H> 

fact  la  a  claaalcal  solution  it  la  easy  to  see  that  the  weak  Halt 

2 

v  *  I>  (H)  of  {4(11^)^  °an  only  be  4(u)^.  The  proof  of  111)  la  analogous. 


iviiiai  j  luiiuviuii 

:,x)  =  f((l-*)4)  -  <J 


<l-x>)  if  x  <  1 
it  k  >  1. 


ggart  3.2.  By  using  a  generalization  of  the  Nash  Theorem  (  [25)  p.204),  It  is  not 
difficult  to  show  that,  under  the  assumptions  of  theorem  3.2,  the  generalized  solution 
obtained  in  the  above  result  is  a  classical  solution  of  (S)  in  a  neighborhood  of  any 
interior  point  (tQ,  x0)  where  u(tQ,x0)  >  0  (see  e.g.  [1)  or  (14)). 

Remark  3.3.  Suppose,  for  Instance,  that  b(s)  >0  for  any  s  k  0.  Given  lei,  we 
define  the  stationary  function 
(3.27)  U(t, 

It  is  easy  to  see  that  u  ta  a  generalized  solution  of  (MBVP)  and  satisfies  u(0,x)  » 

f((l-x)+)  for  0  <  x  <  *  and  u(t,0)  ■  f(l)  for  t  B  (0,T) .  Moreover 

<f~\u))x  -  ((l-x)+)x 

hence  (f1(u))x»0  If  k  >  1  but  (f  '(uj^f-l  when  x  t  1.  Then  the  estimate  (3.14) 
is  exact  and  can  not  be  improved.  (The  function  (3.27)  will  be  used  In  a  forthcoming  paper 

of  the  authors  In  order  to  prove  the  boundedness  of  the  right  boundary  of  the  support  of 

the  solutions  of  (I)). 

Remark  3.4.  In  some  previous  works  (see  (16),  (14))  a  different  notion  of  solution  of  (CP) 
(respect. (FBVP)  and  (MBVP))  is  Introduced  by  means  of  the  integral  equality  (3.19) 

(respect.  (3.20)  and  (3.21)).  Thus,  following  (14),  a  function  u  defined  on  S  is  said 
to  be  a  weak  solution  of  (CP)  If  u  satisfies  1)  and  ill)  of  the  Definition  1.1  as  well  as 
the  condition 


T 

(3.29)  /  /"  (6  (♦(u)  +  b(u)J  -0  ujdxdt  «  j“  0(0, x)u  (x)dx 

1  _  0  *  *  t  —  o 

for  every  9  e  C  (S)  such  that  0  vanish  for  large  |  x  |  and  t  *  T.  Analogously,  it 
is  defined  the  notion  of  weak  solutions  of  (FBVP)  and  (MBVP)  by  substituting  the  integral 
conditions  of  Definitions  1.2  and  1.3  by  the  conditions  (3.20)  and  (3.21)  respectively . 
Theorem  3.2  state  that,  under  some  natural  assumptions,  every  generalized  solution  is  also 
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a  weak  solution.  The  following  result  shows  the  equivalence  between  both  notions  of 
solution. 

Theorem  3.3.  Assume  <fc  e  c'itO,-))  and  b  e  C°((0,»)).  Then  every  weak  solution  of  (CP) 

(reap.  ( FBVP )  and  ( MBVP )  is  a  general i red  solution  of  (CP)  (resp.  (FBVP)  and  ( HBVP ) ) . 

Proof.  We  shall  follow  an  idea  suggested  by  M.G.  Crandall  to  the  first  author  of  this 

paper.  Let  u  be  a  weak  solution  of  (CP)  and  let  P  »  [t  ,t.)  x  [x.,x.] 

O  1  I  2 

and  C  e  C1/2  (P)  such  that  C(t,x  )  “  5<t,x,)  -  0  for  any  t  e  [t  ,t,J  C  [0,TJ.  Let 

t,X  1  4  O  1 

2 

n  €  C  (*)  be  such  that 

a)  n(r)  ■  1  if  r  <  -1  and  n(r)  “0  if  r  >  0 

b)  n* (0)  -  n • (-1 )  -  o  . 

For  every  e  >  0,  we  define  the  test  function  0£(t,x)  as 


0e ( t  »x) 


,  t-t  t-t  x-x  x  -x 

c(t,x)n( — —  )n(  -  e")n( — ^)n(— ^-)  if  <t,x)  e  p 

0  otherwi se  . 


From  the  definition  of  n,  it  is  immediate  that  S£  e  c'tS)  (and  support  0£>  C  P.  By 
assumption  we  have 

T  «  T  T 

(3.29)  0  -  -  /  J  0  udxdt  +  /  J  9  ♦(u)  dxdt  ♦  /  /"  0  b( u) dxdt 

n  n  e'x  x  r,  ~m  e«x 


X1,e  +  I2,e  +  I3,e  ‘ 


One  has 


t-t.  t  -t  x-x  x-x  ..  . 

-11>e'//p?x  »  n(—^r-)n(-2j-|n( — ^)n(-~ )dxdt+//  ^[ri'( — p)n(  )n(  )n(  ))dxdt- 

t  -t 

In(  )  n'l—-)  n <  )n(  )]dxdt  -  //  cgn<  )n(  )n(  )n(  )dxdt  + 

fX2r°  b  x-x.  x-x 

*  ’xj t  -t  <<«>t1,x)u(er+trx)  n(-  °£-  +  i)n( — ^=-)n(~-)  n'lildt  - 


t-t. 


tot 


x2  °  t  -t  x-x  x-x 

“  Jx^  _t^C(to-eT,x)u(to-eT,x)  - r)n( — ^)n(— — -)n*  ( i)dx  . 


Then  when  e  converges  to  tero,  we  obtain 

x2  x 

”  ri  e  - *  //  C^udxdt  -  /  ?(t  ,x)u(t  ,x)dx  ♦  /  2  t(t  ,x)u(t  ,x)dx 

•  Xl'  1  X10  0 
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Analogously 


l2.e  *  H ,  '  / 1’  0e,**(u,lx'at  "  II f  ee,xx*l’>)*“,t  “ 

t.  t-t1  t  -t  .  X-X  x  -x 

•  L  (<c  <n>  n()n()n()4<u))  +  c  n(— —  t-n*  <— — >n( — — ) 

t  X  t  t  t  €  t 

O 

-  I  )  l“’  at  -  //p  ee#xx*(u)dxdt  -  i '2  t  *  i’  e  • 


thank*  to  tha  fact  that  C  (t,Xj)  -  (  (t,x2>  -  0,  one  has 


f 

I,  - -♦  ft  (Cj{(t,x2)*<u(t1x2))  -  Cx(t,x1)*<u(t/x1)))dt 


On  the  other  hand 


X~X  X  -x 

-  I?  ,  -  //  C  nOn()n()nO>(u)dxdt  +  2  JJ  c  n()n()  t-V (— -plnC-1—) 

p  XX  p  X  t  E  t 


^  n<— ~in,<-~-H  +  (u)dxdt  ♦  //p?n< 

e 

x-x  x  -x  «  x“*  x  -x 

2  nM—c  ,n<<  "c1  + n(— — )  n"(-~-)]^(u))dxdt  . 


Jt-X,  x  -x 


Arguing  similarly  as  in  the  integral  I  ,  we  obtain 

»#  € 


x-x.  X  -X  .  x-x,  X  -x 


// Cxn( )n( ) (— -  ^n* ♦(u)dxdt-- ►/t1(5x(t,x2)*(u(t,x2)- 


-  ?x(t,x1)^(u(t,x1))dt  , 
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whan  e  ♦  0 


Moraovar 


t-t.  t  -t  x-x  x-x 


t.  0 


X2 . «"  VV 1 1  <-TL, "  <-V>  h(-L-)  ♦(•)  dxdt-/  1  /x 

e  o  1 


x, 

o  l _ 2 


t  -t  x  ,x 

— — — ’  n(-sg-)n(  )  +  t>  t  n*(t)*tu(t,x2+ET))dxdt 


and  then 

Ij'e  ----♦  /fc1  (?x(t,x2)^(u<t,x2) )  J®t  tn*( T)dr)dt  - 
'  o 

(we  recall  that  n*<0)  «  n’(-1)  “  0).  We  also  renark  that 


J  (t,x_)*(u(t,x  )dt 
r0 


t-t  t  -t  x-x  x-x 

1£2  /|put,x)n< — p)rU-^-)nM — r)n'  <-1£->*<u(t,x)  Idxdt  -  0 


for  every  e  >  0 


such  that 


0  <  e  < 


VX1 


Then 


t  X“X  t  x*x 

V  tx*(U,lx»x'  dt  -  //p«xx*<U)dxdt  -  2  41cx*(u,,x-x' 
o  1  O  1 


dt 


t  x*x 

■  // p?xx*(u)dxdt  -  V  Cx  *(u>l  *  dt  • 

o  1 

Finally,  in  a  similar  way  we  obtain 

r3,e  ^PCxb(u)dxdt- 

Then,  making  e  ♦  0  in  (3.26)  we  obtain  that  -I(u,C,P)  “  0  and  then  u  is  a  generalized 
solution  of  (CP).  The  cases  of  the  problems  (FBVP)  and  ( MB VP)  are  similar. 
j4.  Uniqueness,  comparison  results  and  continuous  dependence 

In  this  section  we  prove  that  the  generalized  solution  obtained  in  Proposition  2.1  and 
Theorem  3.1  (i.e.  the  limit  solution)  is  the  unique  generalized  solution. 

Our  uniqueness  result  will  be  a  consequence  of  some  L1-  estimates  that  also  prove  the 
continuous  dependence  of  the  solutions  on  the  data.  Other  important  consequences  of  these 
L^-estlmates  are  the  conqparison  results  showing  the  monotone  dependence  of  the  solutions 
with  respect  to  the  data. 

To  formulate  general  results  about  the  comparison  of  solutions  we  introduce  the 
following  definition! 
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Definition  4.1.  Let  G  be  a  cloned  net  of  8.  A  function  v(t.x)  defined  on  G  le  a 
generalised  eupereolutlon  (reap.  subsolution)  of  the  equation  (E)  In  G  If 

a)  v  i«  nonnegatlve.  bounded  and  contlnuoue 

b)  v  satisfies  the  Integral  Inequality 

I(v,C,P)  <  0  (reap.  >  0) 

o 

(1  give  In  the  Definition  1.1)  for  any  rectangle  P  ■  It0,  t,]  x  [x,,  Xj] ,  P  C  G  and 
for  all  C  «  c’*2(P)  ,uch  th,t  “  Cft.Kj*  “  0  for  an*  *  e  ^o'V' 

In  thla  aectlon  we  shall  aaatsae  the  following  hypotheses: 

{4  e  c\  10,“)  )nc2  <(0, «•)),♦(())  -  ♦  '(<>)  -  0  and  there  exists  a  convex  function 
s 

n  e  C  ( (0,**))  nc  ((0,«))  such  that  u(o)  -  0  and  0  <  ii'(r)  <  (r)  for  r  >  0  . 


(V 


b  e  C°([0,->>  n  C2<  (<),«•)),  lim  inf  b'(r)  >  -*>  and 

r*0+ 

lin  sup  b“(r)  <  +“  if  lim  sup  b’(r)  »  +“  . 


r+0 


r»0 


We  remark  that  (H^)  obviously  holds  if  *  Is  a  convex  function  and  (H^J  is 
trivially  ve~ified  if  be  c\  ((>,•))  (no  condition  on  b"  is  requested  In  that  case).  On 
the  other  hand,  if  b(s)  -  s\  \  e  R,  then  (H^)  is  satisfied  if  \  >  0. 

We  start  considering  the  (CP)  problem.  The  main  result  of  this  section  is  the 
following: 

Theorem  4.1  Assume  (H^)  and  (l^)  or  (H_b). 

Let  u  be  a  limit  solution  of  (CP)  continuous  on  S  and  let  u  (resp.  u)  be  a 
generalised  supersolutlon  (reap,  aubaolutlon)  of  (B)  on  G  m  S.  Then  for  every 
0  <  t  <  T  we  have 

(4.1)  /^(u(t,x)-u(t,x))+dx  <  /_>>(u(0,x)-u(0,x))+dx 

(resp.  /^-(u(t,x)-u(t,x)  )+dx  <  /_„<u(0,x)-u(0,x))+dx),  where  r+  “  max  lr,0)  . 

As  a  first  consequence  of  the  above  result  we  can  state  our  main  result  about 
uniqueness. 
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Theorem  4.2.  Assume  (H.)  and  (H.  )  or  (H.). 

—————  -  9  -  b  —  -D 

Let  uq  e  C^t  — “ ,  uQ  >  0.  Then  under  one  of  the  following  hypotheses  there  exists 

an  unique  generalized  solution  of  (CP) : 

1)  (3.1)  Is  satisfied  and  $(Ug)  Is  Llpschltz  continuous. 

2)  (3.2),(3.3)  (3.4)  are  satisfied  and  f_,(u0)  ^s_Jji£schi_t£_continuous_(f__deflned 
In  (3.5)). 

Before  giving  the  proof  of  the  above  result  let  us  make  some  remarks.  First  of  all. 

we  recall  that  by  Theorem  3.3  every  “weak  solution*  (see  the  definition  in  Remark  3.4)  is  a 

generalized  solution.  Then,  by  means  of  the  regularity  shown  in  Theorem  3.2,  Theorem  4.2 

gives  automatically  the  uniqueness  of  weak  solutions,  improving  the  knowledge  in  the 

literature  about  equation  (E)  (see  the  Introduction) .  Secondly,  if  we  consider  the 

particular  case  of  $(s)  -  a™  and  b(s)  ■  s^  (i.e.  (E)  coincides  with  (E  .))  then, 

ID/  A 

for  adequate  data.  Theorem  4.2  shows  the  uniqueness  of  generalized  (and  weak)  solutions 
under  the  following  restrictions! 

m  >  1  ,  i  )  0  . 

In  particular  the  uniqueness  of  solutions  for  the  evaporation  type  problems  (X  e  (0,1)) 
follows. 

Other  consequences  of  Theorem  4.1  will  be  commented  upon  later. 

Proof  of  Theorem  4.2.  Under  the  assumptions  of  the  theorem,  we  know  the  .tence  oi  *■' 
least  one  limit  solution  of  the  problem.  Moreover,  this  limit  solution  is  continuous  (see 
(14)  and  Theorem  3.1).  Then,  if  u  is  another  generalized  solution  of  !CP),  we  can 
obviously  apply  the  estimate  (4.1)  and  then  u  <  u  on  S.  Analogously  u  is  also  a 
generalized  subsolution  of  (E)  on  S  and  the  dual  estimate  of 
(4.1)  implies  that  u  <  u  on  S.  In  conclusion  u  «  u. 

Proof  of  Theorem  4.1.  Let  u  *  lim  u.  be  the  limit  solution  of  (CP)  obtained  in 

k-n* 

Proposition  2.1.  i.e.  {u^}  are  classical  solutions  of  (E)  on  the  sets 

Qk  »  (0,T)x(-k-1,k+1) .  We  start  approximating  u  by  classical  solutions  of  (E)  but 

defined  on  full  set  S  «  (0,T)  x  (-“»,+«•).  To  do  this,  we  construct  a  sequence  of 

functions  {u  ,.(x))  such  that  i)  u  ,.  e  C°°(  R) ,  ii)  u  (j(x!  ♦  u(0,x)  as  j  ♦  •, 

03  o  J  o  j 
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uniformly  on  every  bounded  Interval  of  R,  ill)  u^/^jtx)  <  uo,^(x)  for  all  j  >  1  and 

x  e  R  and  lv)  0  <  c.  <  u  ,.(x)  <  M  for  all  )  >  1  and  x  e  R,  being 
j  o  ) 

*  o  as  j  ♦  +—  and  M  *  sup  uQ.  Now,  by  applying  Proposition  2.1  to  the  case  of  uQ 

=»  u  Q,y  we  obtain  a  sequence  u^  of  classical  solutions  of  (E)  on  8  such  that 

<  Uj(t,x)  <  M  for  every  j  >  1  and  u^  is  monotone  nonincreasing  in  S.  Finally 

u(t,x)  -  lim  u  (t,x)  in  S. 
j-M.  J 

We  shall  prove  estimate  (4.1)  by  showing  the  inequality 
«  00 

(4.2)  /  (u(t,x)-u(t,x) )+w(x)dx  <  /  (u(0,x)-u(0,x) )+dx 

for  every  u  e  C~  (R) ,  0  <  m  <  1.  To  do  this,  we  suppose  that  (supp  w)  «  t-L,L]  .  For 

1  2 

every  t*  e  (0,T1 ,  let  P  =  (0,t*)  x  (-r,r)  be  where  r  >  L  +  1.  Let  {  e  C  '  (P)  such 

that  C(t,-r)  »  C(t,r)  •  0  for  all  t  0  [0,t*J.  Then  I  (u^.C.P)  ”  I  (u,C »P)  >  O,  l.e. 

(4.3)  /'r(Uj(t*,x)-u(t*,x)C(t*,x)dx  <  /fr(Uj(0,x)-u(0,x))C(0,x)dx  + 

-/J* (♦<uj<t.r) )-*<u(t,r) )]!x(t,r)dt  +  /J* (♦(Uj (t,-r))-^(u(t,-r) )] cx(t,-r)dt 

♦  //  (uj-u)(Ct+*jCxx-BjCx)dxdt 

where 

(4.4)  A3  *  A3 ( t , x)  «  J3  ♦,(0u^(t,x)  +( 1-0)u(t,x) )d0 
and 

(4.5)  B3  -  B3(t,x)  -  /’  b'  (0u^ ( t ,x)  ♦  (1-0>u(t,x))d0  . 

By  assumption  (H.)  and  the  properties  of  a,  we  have 
9  J 

(4.6)  0  <  j-  Hit  )  <  A3(t,x)  <  H 

j  3 

for  every  (t,x)  e  P  and  for  some  M,  independent  on  j.  On  the  other  hand,  thanks  to 
hypothesis  (H^)  there  exist  two  real  numbers  M2  and  M3,  (Mj  independent  of  j),  such 
that 

(4.7)  M2  <  B3(t,x)  <  M3(J) 

for  every  (t,x)  e  P.  Indeed,  if  —  <  lira  inf  b'(s)  <  lim  sup  b’ (s)  <  +«  ,  there  exist 

t*0  a+0 

Mj  and  Mj  (both  independent  of  j)  such  that  Mj  <  b'(s)  <  Hj  for  every  s  e  [0,M]  and 


-25- 


than  (4.9)  ia  obvioua.  If  llm+  sup  b'(a)  -  +«,  than  by  tha  sacond  part  of  (Hfc) ,  thara 

■♦0 

axiat  Mj  and  M3  (both  indapandant  of  j)  auch  that 

M2  <  b* (a)  and  b-(s)  <  M* 


for  avary  a  8  (0,MJ.  Therefore 

M2  <  /’  bMOUj  ♦  (1-e)u)d0  <  /J  b‘(6e  )d6  ♦  M*(9(Uj-e  )  +  (1-8)u)d9 


<  —  b( e  )  +  |M,|,M  . 

1  3  3 


than  (4.7)  holda  with  Mj(j)  ■  j-  b(E^)  ♦  |M*|K  . 

Analogously,  if  we  suppose  (H_b)  wa  can  find  two  real  numbers  M2(j)  and  M3  (M3  indapandant 
on  j)  such  that  M2(J)  <  B3(t,x)  <  M^  for  every  (t,x)  e  P.  Hence,  in  any  case,  we  can 
assune  that  M2(j)  <  B3(t,x)  <  Mj(J)  for  every  (t,x)  8  P. 

Define  now,  on  P  »  Pr,  two  sequences  of  smooth  functions,  {A3'*}^^  an<*  {B3’*}^^, 
satisfying 


{A3,r}  is  monotonically  decreasing  on  n  and  converges  uniformly 
n 

to  A3,  on  P^  (when  n  ♦  +•). 


4  r 

{ BJ '  )  is  e.g.  monotonically  increasing  on  n  and  converges  uniformly 
n 

to  B3,  on  Pr  (when  n  *  +*•) . 

Than,  by  (4.6)  and  (4.7)  we  have 

"  <  JJ  «'*,>  ‘  *Y  ‘ 

and 

mz  4  Bj;r  «  v3)- 

On  the  other  hand,  inequality  (4.3)  can  be  written  in  the  following  way: 

(4.8)  (u^(t  , x)  -  u(t  ,x))C(t  ,x)dx  <  /ff( u^(0,x)  -  u(0,x))((0,x)dx  + 

♦  !g  (♦(Uj  (t,-r) )  -  4(u(t,-r)  ))cx(t,-r)dt  -  /*  I4(u^(t,r))  -  4(u(t,  r) ))  ^(t,r)dt 

*  //„  (A3-A3,r)(u,-u)C  dxdt  i  //_  B3) (u  -u)C  dxdt  + 

“  P  n  j  xx  P  n  1  x 
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Now,  let  C  «  Cj'r  be  the  classical  solution  of  tha  linaar  parabolic  probla 
n 


+  u, ♦  v  bJ;*v  <v")dxdt 


(4.9) 


C  =  A^'r?  -  B^'rC  ♦  r  -  0  on 

n  xx  n  x  t 

C(t*,x)  -  u)(x)  x<x)  on  (-r,r) 
C(t,-r)  «  C(t,r)  -  0  on  (0,t*) 


where  x  is  a  gi van  function  such  that  k  !  ( X)  and  0  <  x  <  1  (The  axiatanca  and 

uniqueness  of  (  la  a  well-known  result  (sea  [25])).  One  of  the  crucial  points  in  the 
present  proof  is  based  on  the  following  estimates  of  the  solution  of  (4.9). 
sa  4.1.  Let  C  be  the  solution  of  (4.9).  Then 
i)  0  <  C(t,x)  <  max  |si(x)  x(x)l  <  1,  for  all  (t,x)  e  Pr 

li)  There  exists  M4«  M^(J)  such  that 

■!x| 


0  <  c(t,x)  <  M4d)  a 


for  all  (t,x)  e  P 


HD  There  exists  M4  <■  M5(j)  such  that 

max  {|Cx(t,r)|.Ux(t,-r)|}  <  Ms<j)  e"r,  for  all  t  e  [0,t*]  . 

iv)  There  exists  «  H<(J)  such  that 

IS  < t , x ) |  <  n,(l)  for  all  (t.x)  e  P 
x  o  “  r 

v)  There  exists  itj  ■  M7<j,r,t*)  such  that 

C  ^Ir,Cxx)2dxdt  *  t9t  Sll  (t,x)  e  Pr. 

Proof  of  Lemma  4.1.  -  Ha  shall  follow  scasa  of  the  ideas  introduced  in  [28].  1)  is  a 
consequence  of  the  maxima  principle.  To  prove  ii)  let  us  consider  the  function  w  »  r 
C ,  where 


t(t,x)  *  C  exp  (-x  ♦  B(t»-t>). 

where  C  and  8  will  be  chosen  later.  Let  P*  *  (0,t*)x(0,r) .  then  we  have 

£w  s  exp  (-x+8(t»-t) )(Ai,r-  8)  <  exp  (-x+B(t*-t) ) (N  +  M,(j)  -  8}  <  0 

n  i  j 

It  8  >  N1  ♦  Hjtj)  . 

w(t*,x)  -  C  e  x  -  id(x)x<x)  >  0,  for  every  x  e  [0,r] 
if  C  »~L  -1  >  0  l.e.  C  >  eL. 

w(t,0)  »  e®**  >  0,  for  every  t  e  [0,t*I, 

w(t,r)  «  C  exp  <-r+S(t*-t)>  >  0,  for  every  t  e  [0,t*]  . 
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Hence,  by  using  the  maximum  principle  we  have 


on  P ,  being 


0  <  ?  ( t , x )  <  eS,t*'t,e"x  <  M’(j)e_x 


,  .  j)+1) 

m’(J)  -  eLe  13 


On  the  set  P  =*  [0,t*]x[-r,0]  we  use  the  auxillar  function  w  •  *“C«  where 


Then  we  obtain 


on  P^,  with 


r(t,x)  «  C  exp  <x+B(t*-t)) 


0  <  ;<t,x)  <  M2( j)eX 


t*(K  -M  (j)+1) 
M2<j>  -  eLe  12 

..2 


This  prove  ii>  for  M4<J)  -  max  {*4< j) ,M4< j) } .  (We  remark  that  if  Mj  and  M3  are 


independent  on  j,  the  sane  holds  for  M^) . 

In  order  to  prove  ill),  we  define  the  function 
-r+1 


w(t,x)  -  e  exp  3(x-r+1)  -  ?(t,x) 

for  some  B  to  be  chosen.  Consider  the  cylinder  P(r-1,r)  -  (0,t)  x  (r-1,r).  Then  we 
have 

£w  5  e  r+1  exp  B<x-r+1){B2Aj^r  -  0irj'r}  >  e"rS’exp  B(x~r+1){0  ^ — i  -BM  ( j) )  >  0 


6j 


M  (j)C 

lf  B  >  maxf-^— l  ,  1)  , 


w(t,r-1)  -  e"r+1  -  c(t,r-1)  <  C  e"r+1 
w(t,r)  »  e  r+'e8 

w(t*,x)  ”  e  *e8fx  1+33  (we  recall  that  r  >  L)  . 

Then,  w(t,x)  attains  the  positive  maximum  e  r+1e8  at  (t,r).  Hence 

(^(t.r-O)  <  e"r+16e8  -  m’  (j)  e*r  for  m’  -  6<j)eS<j,+  1  . 
Now,  if  we  consider  the  function 

w(t,x)  -  e  r+1  exp  B(x-r+1)  +  C(t,x)  , 

we  have  Cx(t,r-0)  >  -  Mj(j)e  r.  Finally,  by  using  the  auxiliary  functions 

w(t,x)  -  e‘r+1  exp  B(xtr-l)  t  C(t,x) 
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on  the  eet  P(-r,-r+1)  ”  (0,t*)  x  (-r,-r+1 ) ,  for  gone  suitable  8  we  obtain 
lcx(t,-r+0)|  <  M^(j)  •  r  for  some  Mj  (J).  This  proves  iii)  for 
M5<j)  -  max  Mj(j)}  . 

Part  iv)  is  a  consequence  of  the  fact  that  the  coefficents  and  B^r  are  bounded 

independently  of  n  and  r.  Indeed,  in  these  ctrcvn  stances  we  can  apply  the  results  of 
the  classic  theory  of  linear  parabolic  equations  (see  (25)).  Finally,  to  show  v)  we 
nultiply  the  equation  in  (4.9)  by  Cxx  and  we  integrate.  Then 


t»  r  .  ,  t*  r  t"  r 

(4.10)  /  /  A3r  (s  )Zdxdt  -  -  /  /  C_C  dxdt  ♦  /  /  BJrc  C  dxdt  -  I,  +  I,  . 

1  „  ‘  n  xx  ‘  1  txx  ‘  ‘  n  x  xx  1  2 

0  -r  0  -r  0  -r 


Integrating  by  parts,  it  results 


On  the  other  hand. 


t*  r  -  1/2  t«  r  I. 

Vjl  J  (C^l  dxdt]'2-  M^(j,r,t*)l/  /  (c  )  dxdt]'2* 

0  -r  0  -r 


Therefor*,  from  (4*10)  ve  deduce 


t#  r  2 
//(C)  dxdt  < 
0  -r  xx 


MU  > 


12  t*  r  j  V 

[«,  ♦  lyj.r.t'H/  /  (c^)  dxdt/2-. 


0  -r 


This  ends  the  proof. 

■ 

Proof  of  Theorem  4.1  (continued).  By  substituting  the  solution  C  -  C"*'r,  solution  of 

n 

(4.9),  in  the  expression  (4.8)  and  applying  Leona  4.1  we  have 
r  _  r 

(4.11)  /  (u ,(t*,x)-u(t»,x)  )is(x)x(x)dx  <  /  (u  (0,x)-u(0,x)  )+dx  ♦ 

-r  3  -r  3 
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♦  t#  M  (j)«  {  mx  |+(u.(t#r))-+(u(t,r))|  ♦  max  |  +(u .  )-+<u(t,-r) )  I  }  + 

b  Q<t< t*  3  G<t<t#  3 


♦  MX  |A^-A^'r|  MX  |u  -u|  H-(j,r,t»)  +  MX 
5r  “  P  1  ^  Pr 


|B^'r-  B^l  max  |u.-u|  2t*rM.( J )  . 


By  taking  Halts,  first  with  respsct  to  n  (n  ♦  ♦■*)  and  than  with  respect  to  r  tr  +  •)  , 
we  obtain 

m  m 

(4.12)  /  (u^ (t*,x)-u(t*,x) )u(x)x(x)dx  <  /  (u^ (0,x)-u(0,x) )+dx 

(we  recall  that  |u^-u|  <  M  and  that  |+(u^ )-+(u) l<  ♦(«)).  Letting,  now  j  diverge  to 
Infinity,  we  have 

m  M 

(4.13)  /  (u(t*,x)~u< (t*,x) )u(x)x<x)dx  <  /  (u(0,x)-u(0,x) )+dx  . 

mm  — M 

Finally,  relation  (4.13)  Is  also  true  for  the  function  x  given  by  xt*)  "  1  on  the  set 
{x  t  u(t*,x)  >  u  (t*,x)}  and  x<*)  “  0  otherwise.  (Indeed!  it  suffices  to  approxiMte  the 
function  x  by  v  «  CQ(B)  «nd  than  P«aelng  to  the  Halt  on  n) .  This  concludes  the  proof 
of  (4.2).  Finally,  if  u  is  a  subsolution  of  (B)  on  S,  by  an  analogous  argument  we  obtain 

m  m 

f  <u,  <t,x)-u(t,x)  )+<tf(x)dx  <  /  (u(o,x)-u(o,x) )+dx 

for  every  u>  e  c"  (■),  0  <  u  «  1,  and  the  proof  of  theorem  4.1  is  finished. 

o  ■ 

For  the  problaM  (KBVP)  and  (F8VP)  our  answers  are  similar  to  theorem  4.1  but  the 
proof  is  somewhat  more  delicate. 


Theorem  4.3.  Assume  (HJ  and  (H^)  or  (H^) . 

a)  Let  u  be  a  limit  solution  of  ( FBVP)  continuous  on  R.  Let  u(reso.  u)  be  a 
generalised  supersolution  (reap,  subsolution)  of  (8)  on  G  *  R  such  that 

9_(t)  <  uU.l,)  ,  *+(t)  <  u(t.l2) 

(rasp.  ♦_( t)  >  u(t ,1 t )  ,  *+(t)  >  ult.lj))  for  every  t  e  [0,T).  Then 

1,  .  1,  _  . 

(4.19)  /  *  (u(t,x)-u(t,x)>  dx  <  J  *  (u(0,x)-u(0,x) )  dx 

A1  A1 

(reap.  J  2  (u(t,x)-u(t,x) )*dx  <  /.2  (u(0,x)-u(0,x) )+dx)  . 

A1  ~  l1 

b)  Let  u  be  a  generalized  solution  of  (MBVP)  continuous  on  H.  let  u  (reap,  u  be 
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r 


•  jMMtHwd  super subsolution  (reap.  suhsolutlon  of  (E)  on  C  ■  H.  such  that 

*(t>  < 

( reap.  i/(t)  *  for  every  t  8  10, T)  .  Than 

1.  1- 

(4.15)  J  —  (u(t,x)-u(t,x) )  dx  1  (u(0,x)-u(0,x)  )  dx 

1,  .  1,  . 

(reap.  /  (u(t,x)-u(t,x) )  dx  <  /  (u(0,x)-u(0,x) )  dx)  . 


About  the  uniqueness  question  we  have 
Theorem  4.4.  Assume  (H^)  and  (u^)  or  ( )  • 

•>  Let  uQ  «  (ytl^ljl),  uo  >  0  end  e  C((0,TJ),  *+  »  0,  eetlefy 

♦_(0)  «  uQ(l1),  i(i+(0)  “  uo<l2).  Then,  under  one  of  the  following  hypotheses  there  exlata 
an  unique  general 1 rad  solution  of  ( re  VP) i 

1)  (3.1)  la  eatlafled  $(u  )  la  locally  Lipachita  contlnuoue  on 
(l^.lj)  and  ♦  (♦+),4(li_)  are  abaolutely  contlnuoue  on  [0,T). 

2 >  (3. 2), (3. 3)  and  (3.4)  are  eatlafled  and  f  ~ 1 ( uq )  la  locally  Llpachlta  contlnuoue  on 
(l,.l2). 

b)  Let  uo  e  ^((-.ljJ),  uq  >  0  and  *  e  C((0,T)),  *  >  0.  eatlefy  *(0)  -  uq(12).  Then 
under  one  of  the  following  assumptions  there  exlata  an  unique  generalised  eolutlon  of 
(HBVP)i 

1)  (3.1)  la  eatlafled  $(uq)  la  Llpachlta  contlnuoue  on  ( — •»,  12~  6)  for  every 
6  >  0  and  4(4)  la  abaolutely  contlnuoue  on  (o,T) . 

2)  (3.2),  (3.3)  and  (3.4)  are  eatlafled  and  f  1(uq)  la  Llpachltr  contlnuoue  on 
(■*•  ,12~5)  for  every  S  >  0. 

Proof  of  Theorem  4.3  a)  Let  u  be  a  limit  solution  of  (P8VP)  continuous  on 
R  and  let  u  be  a  generalized  aupersolutlon  of  (E)  on  G  »  R  such  that 

*Jt)  <  uft,!,)  and  <i+(t)  <  u(t,l2) 

for  every  t  €  (0,T) .  Let  P  =  (0,t*)  x  (l^lj).  Then  if  u  •  lia  Uj  we  obtain  aa  in 
(4.8),  the  followlnq 
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*A  _  *2  _ 

(4.16)  J.  (u.(t*,x)-u(t*,x)  K(t*,x)dx  <  /.  <u,  (o,x)-u(o,x) ) ((o,x)dx  ♦ 

t#  t*  _ 

+  /  <*<u  (t,l1))-#(u(t,l1))Cx(t,l|)<lt  -  Jo  (♦(Ujtt, l2))-4(u(t,l2)))Cx(t,l2)dt  + 

o 

+  //  (AJ-Aj  (u  -u)c  dxdt  *11  (B;|-B3)(u  -u)C  dxdt  + 

p  n  J  **  p  ”  J  X 

+  II  ( A^C  +  5  -B-*  C  )<u.-u)dxdt, 

‘ 1  _  n  xx  t  n  x  j 
P 

where  (A^)  and  { }  are  two  sequences  of  smooth  functions  as  In  the  proof  of  Theorem 
n  n 

4.1.  Now  define  C  -  to  be  the  classical  solution  of  (4.9)  after  substituting 

A^'r  ,  B^'r  and  P  by  A^ ,  B^  and  P  respectively.  Our  Intention  Is  to  pass  to  the 
n  n  r  n  n 

limit  in  (4.16)  first  with  respect  to  n  and  afterwards  with  respect  to  j.  To  do  this  we 

need  to  distinguish  two  different  cases i ^  ^  ' 

a,)  u(t,lj)  >  0  and  u(t,l2)  >  0  for  every  t  e  [0,T] 

a,)  u(t  ,1.)  “0  or  u(t  ,1.)  •  0  for  some  t  e  [0,T]  . 

•  o  1  o  2  o 

If  a.)  takes  place  then  we  can  choose  (i  and  ,  such  that 
1  J  *ij 

(4.17)  e  <  f  ,(t)  <  u(t,l.)  and  £,  <  *.  At)  <  u(t,l,) 

j  “ij  1  j  *i j  * 

for  every  t  e  [0,T]  .  Thus,  remarking  that  Cx(t,lj)  >  0  and  <  0  for  ®very 

t  e  [0,t*]  we  obtain  the  conclusion  after  passing  to  the  limit  in  n  and  j 

respectively  as  in  the  proof  of  Theorem  4.1. 

It  is  clear  that  (4.17)  cannot  be  possible  in  general  (for  instance  if 

u  (t  ,1.)  >0  or  u(t  ,1.)  >0).  Now  we  shall  obtain  estimates  on  c  (t,l.)  and 
O  1  0  2  X  1 


Cx(t,l2>  which  are  sharper  then  those 

Lemma  4.2.  Assume  (H.)  and  (H.  )  or 

stated  in  Lemma  4.1. 

(H  .  ).  Let  C  be  the  solution  of 

■v  - 

C  -CC  =  A1  C  -B^  C  +  C  -  0 

on 

P 

n  xx  n  x  t 

(4.18)  /  C< t*,x)  -  w(x)  X<x) 

on 

<VV 

lut.l,)  -  c(t,i2)  -  0 

on 

(0,t») 

where  x  la  a  given  function  such  that  x  e  C*  (l^lj)  and  0  <  x  <  1.  Then  there  exist 
two  constants  Mg(j)  and  M^d)  such  that 


(1)  The  authors  wish  to  thank  M.  Bsrstch  for  pointing  out  some  omissions  at  this  point  of 
the  proof  in  a  preliminary  version  of  this  paper. 


-32- 


-•  -/ 


•V**v 


(4.19)  0  <  ^(t.l,)  <  Ma(j>, 

(4.20)  Mjd)  <  Cx«tA2)  <  0 
for  wiry  t  e  (o.t*)  Moreover 


♦  (e^Hgtj)  ♦  0  and  ♦(ej)M9(j>  *  0 


Proof .  we  shall  provs  (4.20),  (4.19)  being  obtained  in  a  similar  way.  To  do  this,  we 

construct  an  adequate  function  a^(x)  in  such  a  way  that  the  function  w(t,x) 

-  o^(x)  +  C(t,x)  has  a  positive  maxis***  at  (t,l2)>  Then  we  shall  deduce  that 

Cx(t,l2)  >  -  o^dj),  that  is,  (4.20).  Consider  the  cylinder  Pdj-S.lj)  • 

*  (o.t)  x  (1-d, 1  )  for  some  S  >  0  fixed.  Then  if  o’  >  0  and  o*  >  0  we  have 
2  2  uU  >  3  3 

£w  5  A3  0"  .  -B3  O’  >  ——1-  o*(x)-M.(  j)o'(x)  »  K2  >  0 
n  (x)  n  (x)  Ej  3  j 

for  some  e  B  if  we  choose 


otx)  *  C1  *  "‘V 


Mj(J)  *  *  L) 


for  every  C,  and  L,  satisfying 

M  ,())*:  k2 

(4.21)  C,  exp(— *  (1-4))  -  1  >0  (o’  >  0  condition) 

3  U<ej)  2  M3(j) 

«nd 

K  P(£,>  Mdj)e 

<4*22)  LJ  *  RTjT  h  _Cj  Ojir:  *xp  '7TT)  V  (w,t'12)  >  0  condition). 

3  J  J 

(We  have  used  the  estimates  on  A3  and  B3  given  in  the  proof  of  Theorem  4.1.  It  is 
clear  that  we  may  suppose  M3(j)  >0). 

On  the  other  hand,  on  the  parabolic  boundary  of  Pdj-i.lj)  we  have 

W(t,l2)  -  Ojdj) 
w(t,l2-«)  <  a) d2-«)  ♦  1 

w(t*,x)  »  o^(x)  (if  we  choose  4  such  that  u(x)x(x)  “  0  for  x  e  (lj-d.lj)). 

Then,  as  aj  >  0,  w  attains  a  positive  maximum  at  (t,l2>  if  we  have 
djdj-M^i  4  if  Kj  and  Cj  satisfy 


M3(  j)e^ 


j(l)  4  Cj  MJ(j)cJ  exp  (_  u(ej»  l2)l1“*xp<  11  "  1 
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It  la  aaay  to  see  that  If  we  choose 
-H  (j)e  1 

cj  ‘  )  “in  {1'7ny— 

V3>£1 


M(e,> 

( S+  - 2— 


and 


-)  exp(- 

J 


-2-1 


U(tj) 


2  M3(j) 

jf  m  -  ■  *  (r  _ 

i  «  1  M3(j)ej 


P(e.)  M  <j)e  K* 

*  *  *XD  ( -  '-*  1  **  1  )  -  — 

eXP  uU.)  V  K,(j> 


then  (4.21)  and  (4.23)  are  satisfied. 


thus  ^(t.lj)  *  bain9 


I. 

o*(l2)  -  Cj  exp  (  u(e^,  12>  -  M^(j)  . 


How,  the 


.1 


3  7  i  2  i 

sequences  (c  exp  I—--1") )  and  {- — 2-}  are 

3  W(tj)  H3(j) 


bounded  and  then 


♦(e^)o'  (lj)  ♦  0  when  j  ♦  ». 


Proof  of  Theorem  4.3  (continued).  Suppose  that  a2  holds.  Then  If  we  denote 

I  “  {t  €  (o,t*)<4(< I1  ,(t))  >  *(u(t,l, >>}  we  have  I  •  (t  e  (o,t*)  >u(t,l. )  “  0)  and  then 
t*  1  1 
/  (♦(+_  <t))  -  ♦(u(t,l  ))c  (t,l  )dt  <  /  <4(<|>  (t))  -♦(u(t,l,))C  (t,l,)dt  < 

0  »J  1  x  ’  j  “#  3  lx  1 

<  t*  ♦(tj)  Ms( J) 

(because  on  I  we  can  choose  i|i  (t)  “  e  ).  By  lemma  4.2  we  have 
t«  “* J  J 

J  (♦ (+  .(t))  -  ♦(u<t,l,))C  (t,l,)dt  ♦  0 

o  -,3  lxi 

when  j  converges  to  infinity.  Similarly 


t* 

J  ♦(+.  .(t))  -  ♦(u(t,l,))C  (t,l,)dt  ♦  0 

o  '3  Z  x  2 

when  j  converges  to  Infinity.  Then  the  conclusion  follows  by  passing  to  the  limit  In 
(4.16)  in  n  and  then  In  j. 


He  remark  that  in  order  to  prove  the  conclusion  for  subsolutions  it  is  not  necessary 
to  use  Leona  4.2,  because  in  all  cases  we  may  choose  and  ifi  satisfying 

*“  f  J  +»  J 

utt.l,)  <  1^(0  and  u(t,lj)  <  *+J(t) 

for  every  t  e  (0,T) . 

The  proof  of  part  b)  is  an  easy  modification  of  the  proofs  of  Theorem  4.1  and  the 
above  pert  a). 

The  proof  of  Theorem  4.4  is  analogous  to  that  of  tteorem  4.2. 
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Other  important  consequences  of  Theorems  4.1  and  4.3  are  included  in  the  following 
theorem,  which  ehows  continuous  and  monotone  dependence  of  generalised  solutions  with 
respect  to  the  initial  data.  (  We  ehall  consider  only  the  (CP)  problem,  analogous 
statements  holding  for  the  others). 

Theorem  4.5.  Assume  the  hypotheses  of  Theorem  4.2. 

A 

i)  Let  u,u  be  generalised  solutions  of  (CP)  corresponding  to  the  initial  data 
u  and  uQ  respectively.  Then 

*  A 

(4.34)  u(t,  )-u(t,  )  .  <  u  -u  . 

L1**)  °  °  l\«) 

for  every  t  e  (0,T) . 

*1)  Let  u  be  e  generalised  solution  of  (CP)  and  u,u  generalised  super-  and 
subsolutions  of  (E)  on  G  «  S.  Then  if  u(0,x)  <  u  (x)  <  u(0,x)  on  (-“,«•)  it 
follows  that 

(4.25)  u(t,x)  <  u(t,x)  <  u(t,x) 
for  every  (t,x)  t  8. 

Proof.  The  assertion  1)  follows  from  part  a)  of  Theorem  4.1  by  applying  the  estimates  to 
u  -  u  and  u  »  u.  Part  il)  is  also  a  trivial  consequence  of  such  estimates. 

Other  estimates  giving  the  continuous  dependence  on  the  initial  data  as  well  as  the 
numerical  treatment  of  equation  (E)  for  b  «  cVlO,*))  can  be  found  in  [33). 

We  shall  end  this  section  by  making  several  comments  on  the  obtained  results. 

Remark  4.1.  The  conclusions  of  Theorem  4.1  are  true  even  under  more  general  hypotheses. 
So,  for  the  (CP)  problem  e.g. ,  it  is  enough  that  u,  u,  u  be  in  the  function  space 
C( (0,T)  :  lJoc(«)).  The  existence  of  solutions  of  (CP)  in  such  a  function  space  is  not 
difficult  and  some  hypotheses  on  4  and  b  made  in  Theorem  (3.1)  can  be  weakened  (See, 
e.g.  the  approach  made  in  (2)  considering  a  different  nonlinear  degenerated  parabolic 
equation) . 

Remark  4,2.  If  we  denote  by  S(t)u  -  u(t,  )  the  generalized  solution  of  (CP) 

o 

corresponding  to  the  Initial  datum  u0  it  la  not  difficult  to  show  that  S(t)  is  a 
semigroup.  The  estimate  (4.24)  shows  that  it  is  a  semigroup  of  contractions  on  the  space 


-35- 


X  -  L 1  (R) .  Our  conclusion,  then,  coincides  with  the  one  obtained  by  the  abstract  theory  of 

accretive  operators  on  Banach  spaces  and  evolution  equations.  Such  an  approach  has  been 

applied  to  the  concrete  case  of  equation  (E)  by  different  authors  (see  [38)  ,  [37]  and 

[S]).  He  remark  that,  by  means  of  such  an  approach,  it  is  possible  to  prove  the  existence 

and  uniqueness  of  a  function  satisfying  (CP)  in  an  adequate  sense.  This  is  made  under  very 

general  assumptions  on  $,  b  and  u  (see  [5]).  Such  type  of  solution  is,  in  fact,  a 

o 

generalized  solution  of  (CP)  under  hypotheses  weaker  than  that  the  one  in  Theorem  4.1. 
However,  the  abstract  approach  does  not  guarantee  the  continuity  nor  the  uniqueness  (among 
all  the  possible  generalized  solutions)  of  such  a  function. 

Remark  4.3.  There  exists  a  vast  literature  about  the  existence  and  uniqueness  of  solutions 

of  (CP)  when  function  $  is  not  assumed  to  be  strictly  increasing  on  R+.  It  is  clear 

that  the  approach  is  very  different  from  ours.  Indeed,  such  an  approach  includes  the  case 

^  =  0  and  then  equation  (E)  reduces  to  the  "conservation  law"  equation 

u  -  b(u)  =*  0 
t  x 

for  which  it  is  well  known  the  existence  of  discontinuous  solutions.  The  uniqueness  of 
solutions  is  then  found  by  introducing  a  different  notion  of  generalized  solutions  of  (CP) 
(see.  e.g.  [36],  [23],  [12],  [38],  [39]  and  [26]). 

Remark  4.4.  -  Comparison  results  like  the  one  in  part  ii)  of  Theorem  4.5  are  of  a  great 

utility  in  the  study  of  the  qualitative  properties  of  solutions  (see  e.g.  [19],  [15],  [9], 

[21]  and  [22]).  In  a  forthcoming  paper  by  the  authors.  Theorem  4.5  will  be  systematically 

used  to  derive  some  qualitative  properties  of  the  solutions  of  the  evaporation  equation 

(E  ,,  m  >  1,  0  <  X  <  1). 
in  f  a 
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